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(Received August 31, 1976) 

Based on the naive model, the molecular alignment of the bubble domain in large pitch choles- 
terics is calculated numerically by using the continuum theory of liquid crystals. It is shown that 
the bubble domain is surely stable under certain conditions but when the cell thickness is thinner 
than the critical thickness homeotropic alignment is more favourable. The effects of the electric 
field on the bubble diameter are also investigated. Obtained results agree well qualitatively with 
the experimental results. 

1 INTRODUCTION 

A cholesteric liquid crystal exhibits interesting domain textures because of 
its spiral structure when it is inserted between parallel plates or in a small- 
angle wedge. For homogeneous molecular alignment (tangential boundary 
condition), the Grandjean texture is well known’-3 and this phenomenon is 
used to determine the pitch of a cholesteric liquid crystal. 

For homeotropic molecular alignment (perpendicular boundary condi- 
tion), a long pitch cholesteric shows complicated domain textures so called 
finger-print  texture^.^ Cladis and Kleman’ explained these textures in terms 
of various types of disclinations in cholesterics.6 

Recently, a new domain pattern which has been called “bubble domain” 
was observed in large pitch ch~lester ics .~-’~ The bubble domains appear 
closely packed in a homeotropically aligned cell when the applied voltage 
is removed after the electrohydrodynamic turbulence is once induced. In 
addition to this, isolated bubble domains are often observed with striped 
domains even before the voltage is applied. 
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It has been known that the bubble domain exists only when the ratio 
between the cell thickness d and the pitch Poo, d/Po,, is within a certain 
region. But its structure (molecular alignment) has not been studied in detail 
either theoretically or experimentally. 

In the previous paper,' we presented the preliminary investigation of the 
structure of an isolated bubble domain by using the static continuum theory 
of liquid crystals. It was understood why bubble domains do  not appear when 
the cell thickness becomes thin. In this paper, that investigation will be 
developed to include the contributions from the core energy of disclinations 
semi-quantitatively. The dependence of the bubble diameter on the applied 
voltage will be also examined. 

2 MOLECULAR ALIGNMENT OF A BUBBLE DOMAIN 

2.1 Naive model 

Up to the present, the molecular alignment of a bubble domain has not 
been made clear. Two models were proposed. Kawachi et al.' suggested that 
the bubble domain is a ring of a single striped domain as shown in Figure 1 .  
O n  the other hand, Bhide et a/." proposed such a model that there is a bubble 
domain boundary of an oblate spheroid shape, in which the structure is 
cholesteric with a helical axis perpendicular to the cell boundary and outside 
of which the structure is homeotropically aligned nematic. 

The latter model seems to be dubious as for the simple form as it is, because 
there must be a two dimensional disclination at the boundary and it is 
instable from the consideration of free energy.12 The former model seems to 
be more reasonable because the loope domains and even the isolated bubble 
domains can be seen with the striped domains. The following calculation is 
based on this model. 

!- . 
. . 

FIGURE 1 Model of the molecular alignment of the bubble domain 
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2.2 Molecular alignment 

For the model shown in Flgure 1, the director n which represents the mean 
direction of the longer axes of molecules can be written as 

ri, = 0 
rig = -sin a(r, z) 
r i ,  = cos a(r, z) 

in the cylindrical coordinate system, where z-axis is perpendicular to the 
boundary plane and a is the angle between z-axis and n. 

Let us find c1 as a function of r and z which minimizes the free energy of 
the bubble domain. The elastic free energy density f of the cholesteric liquid 
crystal with pitch Poo is given by’, 

f = +{K,,(divn)’ + K,,(n.curl n + 400)’ + K,,(n x curln)’} (2) 

where K , , ,  K2’ and K,, are the elastic constants for three basic types of 
deformation, splay, twist and bend respectively. In Eq. (2), qoo = 27c/PoO. 
Hereafter, one constant approximation ( K ,  , = K2’ = K,, = K) is used for 
the sake of simplicity. Then, 

K 
2 ,f = - {(div n)’ + (n . curl n + qo0)’ + (n  x curl n)’}. (2‘) 

Substituting Eq. (1) into Eq. (2’), we obtain 

aa 1 . 
f = -  :{(a3’ - + ( qoo - ar - - -sin r a cos a)’ + T}. (3) 

If the diameter of the bubble domain is Po and the cell thickness is d ,  the 
elastic free energy F of the bubble domain is given by 

According to the variational principle, a(r, z) must satisfy the following 
equation, 

( 5 )  
1 aa qoo 1 .  

~ + - - + 7 - - (1 - cos 2a) - -sin 2a = 0. 
dr2  r ar aZ r 2r’ 
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The boundary conditions are 

whereY(r) = 0 for r < 0 and Y(r) = 1 for r > 0. In Eq. (6), it is assumed that 
the disclinations exist at r = P0/4 on the boundary planes. This is the analogy 
with the case of the striped domain.’ 

Equation (5) is a nonlinear partial differential equation and it is difficult 
to solve it analytically. So it is solved numerically by means of the finite- 
difference method.I4 Before doing so, we change variables as 

PO r = - r  
2 ”  

d 
2 

z = - 2 ,  

a = nu, 

(7) 

and rewrite Eq. (5) by the normalized variables r , ,  z ,  and a, as 

d2a, 1 aa, a2u, st 1 .  ar,z + -- + s 7 - - (1  - cos27ra,) - -sin 2na, = 0 (8) r n  a r n  3% r ,  2nr; 

where 

s = Po/d, 
t = d/Poo. 

The boundary conditions (6) reduce to 

(9) 

From the consideration of the symmetry of the problem (from Eqs. 8 and lo), 
a, is an even function of z,. Then, it is sufficient to solve Eq. (8) in the region 
0 5 r, 5 1 and 0 S z ,  5 1 .  The way to solve Eq. (8) by means of the finite- 
difference method is given in Appendix. 

Calculated results are shown in Figure 2. For z ,  = 0 (in the central region 
of the cell), the twist angle a increases almost linearly as r ,  increases. For 
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MOLECULAR ALIGNMENT OF BUBBLE DOMAINS [613] / 255 

0 0.5 rn 1 

FIGURE 2 a as a function of rn (= 2r/P,) for different values of z, (= 2z /d)  

zn = 0.98 (near the boundary plane), however, a changes abruptly at r,  - 0.5 
(at the disclination). 

2.3 Free energy 

In Section 2.2, the molecular alignment (twist angle a) has been obtained as 
a function of position with s ( =Po/d)  and t (=d/Po,) as parameters. As the 
values of Poo (pitch of the cholesteric) and d (cell thickness) are known 
beforehand, the parameter t can be given arbitrary. Then, the problem is to 
decide the value of Po (diameter of the bubble domain) when t is given. To 
do this, we must obtain the free energy F with s as a parameter for fixed t by 
substituting the solution obtained in Section 2.2 into Eqs. (3) and (4), and 
find the value of s which minimize F .  From Eqs. (3) and (4), 

F = n3Kd dz, dr,  s'r, - so' so' { (Ey 

From Eq. (1 l), the free energy for homoetropic molecular alignment (a, = 0), 
Fh,  is given by 

n3Kds2t2  
2 .  

F ,  = 
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Then, the free energy of the bubble domain normalized by Fh can be written 
as 

aa sin na cos ncc sin4 ncc 
+ r  s t - - -  y + (13) ( ar nr 

To evaluate Eq. ( I  3), we approximate differential quotients by differences 
and use summation in place of integral. 

Now, let us consider the extreme neighbourhood of the disclination 
(z, = 1, r ,  = 9)- There the molecular alignment changes abruptly in a few 
molecular lengths. In such a case, it is not adequate to apply the continuum 
theory. Therefore, the contribution from this region must be excluded from 
the integration region of Eq. (13). The free energy in this region must be 
considered to be the core energy of the disclination. 

The core energy, however, is hard to calculate quantitatively. l S  Therefore, 
we evaluate it only semi-quantitatively. If the intermolecular distance is a 
and the interaction energy between molecules is ti, the core energy of dis- 
clination per unit length is considered to be of the order of U/a. On the other 
hand, the elastic constant K is also of the order of U/a.  

On the basis of this discussion, the core energy of the disclinations in the 
bubble domain is given by 

Normalized by Fh, Eq. (14) reduces to 

Finally, the total free energy of the bubble domain F,,, is written as 

In Eq. (16), F is calculated from Eq. (13) by excluding the extreme neighbour- 
hood of the disclination from the integration region. In the case oft (=d/P,,) 
= 1, F,,,, F and Fdjs are shown as functions of s (=Po/d)  in Figure 3. F,,, 
takes a minimum value at s = 1.75. In Figure 4, F,,, is shown as a function 
of s for t = 0.5, 1 and 2. As is seen from Figure 4, for a given t ,  the value of s 
which minimizes the free energy can be determined uniquely. This value of 
s and the minimized free energy are shown as functions o f t  in Figure 5. 

It is seen from Figure 5 that FroJFh > 1 when d/Poo 5 0.5. This result 
means that the homeotropic molecular alignment is more stable than the 
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6 
PO/d 

0 2 4 

FlGUKE 3 F,,, ,  F and F,,,  as function of Po/d for d/P, ,  = 1 

I I I I I I I I 

2 4 6 8 
Po /d 

FIGURE 4 F,,,/F, as a function of Po/d for different values of d/Poo 
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FIGURE 5 P,/d and Ft,,/Fh as functions of d/P, ,  

alignment which forms the bubble domain when d/Poo 5 0.5. The P,/d 
decreases monotonically as d/Poo increases. The discussions about these 
results will be given in Section 3. 

2.4 Effects of the electric field on the bubble diameter 

It has been known experimentally that the bubble diameter increases for the 
case of cholesterics with negative dielectric anisotropy (n-type liquid crys- 
tals) when voltages are applied on the cell. In this sub-section, it is investi- 
gated whether this phenomenon can be explained by the model used here 
or not. 

When the electric field E is present, the dielectric free energy density of the 
liquid crystal is given by 

hiel = -+E,(E. n)2 = -+&,E2 COS' C( (17) 

where E, = E,  - E, ( E ,  and E, are the dielectric constants along and perpendi- 
cular to the director n respectively). In Eq. (17), the term which is independent 
on n is neglected. 
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From Eqs. (2’) and (17), the free energy density of a choiesteric when E is 
present is given by 

K 
2 2 

f = - ((div n)’ + (n . curl n + qo0)’ + (n  x curl n)’} + 5 E 2  cos’ a. (18) 

E, is negative for n-type liquid crystals. The equation of a(r, z )  can be derived 
in the same way as in Section 2.2 and is given by 

Strictly speaking, E is not constant in the dielectrically anisotropic medium 
like liquid crystals. We assumed, however, that E is constant and the applied 
voltage is given by I/ = Ed for the sake of simplicity. If we put 

V 
= Vo and E = - 

VO 

Eq. (19) reduce, in terms of normalized variables, to 

sin 2na, m2s2 
2nri 8 

-~ +- sin 2na, = 0. (21) 

The free energy of the bubble is given by 

- F  aa sin nacosna  
F = - F ,  = 2 s’t’ JO1dz Joldr{s’rG>’ + r(st - - ar - nr 

sin4 na c’s’r +-+- 
n’r 4 

We can decide the value of s which minimizes F,,, as a function of E in the 
same way as in Sections 2.2 and 2.3. The results are shown in Figure 6. The 
bubble diameter ( P o / d )  increases abruptly when E ( =  V/Vo) exceeds a certain 
value. This value of E differs accordingly to the value of r ( = d / P o o ) .  
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8 

.p, a" 
6 

4 

2 

0 

d/Po, = I  i' 
2 6 

V V O  
4 

FIGURE 6 P, /d  as a function of V / V ,  for different values of d/P, ,  

3 DISCUSSIONS AND CONCLUSIONS 

In Section 2.2, the molecular alignment of the bubble domain was calculated 
on the basis of the model shown in Figure 1. Experimentally, the actual 
structure of the bubble domain has not been made clear up to the present. 
If the distribution of the refractive index in the bubble domain is obtained 
by some method, it will give useful information about this point. 

In Section 2.3, it was shown that the homeotropic alignment is more stable 
than the alignment which forms the bubble domain when d / P , ,  6 0.5. This 
result agrees well with the experimental results made by Bhide et al.'O not 
only qualitatively but also quantitatively. This quantitative agreement seems 
to be rather accidental and need not be overestimated because the investiga- 
tion developed in this paper is based on one constant approximation and the 
semi-quantitative treatment of the core energy of the disclinations. The more 
important fact is that the interactions between bubble domains was not 
taken into account in this investigation. Experimentally, bubble domains 
were observed to be closely packed. Therefore, these interactions must be 
taken into account for the completely quantitative comparisons with the 
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MOLECULAR ALIGNMENT OF BUBBLE DOMAINS [619] / 261 

experimental results. The most important conclusion of this work is that the 
bubble domain is surely stable under certain conditions but when the cell 
thickness is thinner than the critical thickness homeotropic alignment is 
more favourable. 

In Section 2.4, the effects of the electric field on the bubble diameter were 
investigated. The qualitative agreement with the experimental results was 
good. For some values of d/P,,  @/Po, = 0.7 in Figure 6), however, the bubble 
diameter once decreases and then increases abruptly as the applied voltage 
increases. Experimentally, this phenomenon has not been reported. It is not 
clear that this result is due to the simplification of the theory mentioned 
above or not. 

Appendix 

Here we describe the finite-difference method14 to solve Eq. (8). We start by 
dividing the region 0 5 r ,  5 1 and 0 5 z, 1 into N x N cells as shown in 
Figure 7, where N is an even integer. Then, differential quotients are ap- 
proximated by differences as 

= h-'(a(mh, ( F I  + 1)h) - 2a(mh, F I ~ )  + a(rnh, (n - l )h)}  (A.l) 

= (2h)- ' {a((m + l )h ,  nh) - a((m - I)h, nh)} 
(;)mh,nh 

where h = 1/N and m, n are integers from 1 to N - 1. Here, the suffix F I  

which denotes the normalized variables is omitted. 
Substituting Eq. (A . l )  into Eq. (8), we obtain 

where am,n = a(mh, nh). There are ( N  + 1)' lattice points in Figure 7. The 
values of a,,,, , at these lattice points must be solved. Among them, a,,,, ,, at the 
lattice points on the boundary are given by the boundary conditions, Eq. 
(10). So, we are left with ( N  - 1 ) 2  unknown a,,,,. If the original partial 
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h = 1/N 
discli nation 

1 

zn 

1 rn 0 

FIGURE 7 Lattice for numerical calculations by means of the finite-difference method 

differential equation is linear, the derived difference equation reduces to 
linear system with respect to the ( N  - 1)' unknown a,,,". Equation (A.2), 
however, is not linear. So, we solve it by means of the itterative method. As 
the 0-th order solutions, we take homogeneous twist, that is, 

a%',, = hm; 1 m, n N - 1. (A.3) 
The first order solution can be obtained by substituting (A.3) into Eq. (A.2), 
and so on. 

In general, the error when the partial differential equation is replaced by 
the finite-difference equation is considered to be of the order of 1/N2. On the 
other hand, the error of the iterative method can be made arbitrarily small. 
The results shown in Figure 2 were obtained by taking N = 50. 

In obtaining the free energy of the bubble domain, we further divide the 
two cells near the disclination (denoted by hatch in Figure 7) into M x M 
sub-cells respectively and exclude the contributions from the two sub-cells 
near the disclination. The results shown in Figures 3 to 6 are obtained by 
taking N = 20 and M = 10. 
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